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Abstract: We study thermodynamic quantities and phase transitions of a spherically
symmetric Schwarzschild black hole by taking into account the back reaction through
the conformal anomaly of matter fields, and show that there exists an additional phase
transition to the conventional Hawking-Page phase transition. The small black hole is
more probable than the hot flat space above a second critical temperature, while it is less
probable than the hot flat space in the classical Schwarzschild black hole. However, the
unstable small black hole eventually should decay into the stable large black hole because
the conformal anomaly does not change its thermodynamic stability.
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1 Introduction
Since the area law of the black hole entropy has been discovered by Bekenstein and Hawk-
ing [1–3], there has been much attention to thermodynamic quantities and thermodynamic
phase transitions on various black holes; Schwarzschild-AdS type black holes [4–9], black
branes [10–12], and lower dimensional black holes [13–19] together with the statistical rela-
tion of the entropy [20–23]. In particular, as for the conventional thermodynamic properties
of the Schwarzschild black hole, a stable large black hole and an unstable small black hole
appear above the minimum of local temperature. The unstable small black hole can decay
into either the large black hole or pure thermal radiation [4, 24–26]. In the large black hole,
the Hawking-Page (HP) phase transition appears since the free energy of the black hole is
lower than the free energy of the hot flat space. Since all these results have been based
on the classical metric without the back reaction of the geometry, it seems to be natural
to ask what happens if we take into account the quantum back reaction of the metric in
order to investigate the thermodynamics and the phase transition.
However, it is not easy to study the back-reacted thermodynamic quantities analyti-
cally even in the semi-classical level. First of all, the renormalizable quantum corrections
are in general impossible in the Einstein-Hilbert action. Even though one can restrict
just one-loop corrections, it is intractable to get the exact solution from the equation of
motion [27]. Recently, a class of exact analytic and static solution has been derived from
the semi-classical Einstein equation with the conformal anomaly, and the modification of
the entropy has been discussed [28]. So, it would be interesting to study whether the clas-
sical phase transition can be modified or not via the exactly soluble model presented in
Ref. [28]. Thus, we would like to calculate the quantum corrected thermodynamic quanti-
ties and study phase transitions, especially paying attention to the small black hole where
the quantum effects are significant. As expected, the HP phase transition from the hot flat
space into the large black hole occurs above the first critical temperature. Moreover, it
turns out that there exists new kind of phase transition from the hot flat space to the small
– 1 –
black hole at the second critical temperature which is actually impossible in the classical
metric.
The paper is organized as follows. The exactly soluble metric with the quantum back
reaction [28] will be introduced in section 2, and then we shall consider the special configu-
ration of the metric from general solutions by choosing appropriate integration constants.
The advantage of this choice is that the flat metric from the quantum-corrected one can
be regarded as the vacuum. In section 3, quantum corrected thermodynamic quantities
will be calculated. In particular, the entropy receives a logarithmic correction [28]. In-
troducing the finite cavity as an isothermal surface [24], the thermodynamic energy and
the heat capacity will be calculated based on the modified entropy which consists of the
ordinary area term and the logarithmic term. In section 4, the HP phase transition will be
studied, so that in the large black hole the first phase transition occurs at the first critical
temperature. Moreover, it can be shown that the second phase transition from the hot flat
space to the small black hole appears at the second critical temperature which is larger
than the first critical temperature. We will point out some differences between these two
phase transitions. Finally, summary and discussion are given in section 5.
2 A black hole solution with conformal anomaly
Let us start with an exact spherically symmetric black hole solution in the semi-classical
Einstein equation with the conformal anomaly [28]. The back-reaction of quantum fields
to the space-time geometry can be included in the curved space-time [29];
Gµν = 8πGN 〈Tµν〉, (2.1)
where Gµν = Rµν − 12gµνR and 〈Tµν〉 is the effective energy-momentum tensor. In four
dimensions, a trace anomaly from the energy-momentum tensor can be written as [30, 31]
gµν〈Tµν〉 = − α
8π
E(4) + α˜CαβκλC
αβκλ, (2.2)
where the coefficients α and α˜ depend on matter contents, E(4) = RµνκλR
µνκλ−4RµνRµν+
R2 is the Gauss-Bonnet term, and Cαβκλ is the Weyl tensor.
By assuming α˜ = 0 for the exact solubility with the relations of 〈T tt〉 = 〈T rr〉 in the
whole space-time [28], one can find the class of exact solutions for a static and spherically
symmetric space-time of ds2 = −f(r)dt2 + dr2/f(r) + r2dΩ22;
f(r) = 1− r
2
4α
[
1−
√
1− 16αM
r3
+
8αb
r4
]
, (2.3)
where M and b are integration constants, α > 0, and we set the Newton constant GN = 1.
There are largely two classes of solution depending on b. For b > 0, the asymptotic behavior
of the metric (2.3) is given by
f ≈ 1− 2M
r
+
Q2
r2
+O(r−4) (2.4)
by setting b = Q2, so that one can imagine that it approaches the Reissner-Nordstro¨m
black hole with the mass M and the electric charge Q asymptotically. The properties of
the metric and the thermodynamics have been intensively studied in Ref. [28]. For b < 0,
the asymptotic behavior of the metric is written as
f ≈ 1− 2M
r
− a
2
2r2
+O(r−4) (2.5)
by choosing b = −a2/2 < 0. Assuming a2 is the renormalized Newton constant, it turns
out that it is equivalent to the asymptotic form of the metric obtained from the spheri-
cally symmetric quantization of the Schwarzschild metric [32], where the thermodynamic
behavior for the metric was recently investigated in Ref. [33]. On the other hand, in the
(canonical) fixed-charge ensemble for a charged black hole, the HP type phase transition
between a black hole and a ‘hot empty space’ does not exist but it is possible only for
uncharged black hole, since there is no ‘hot empty charged space’ [34]. So, in the present
black hole, we will take a charge-free canonical ensemble by taking b = 0 in order to find
HP phase transitions between the quantum back-reacted black hole and the hot flat space.
Therefore, the vacuum of the metric can be easily defined not only by setting M = 0 but
also at the asymptotic infinity, which is nothing but the Minkowski space-time.
Now, the given metric (2.3) has two roots of r± =M±
√
M2 + 2α satisfying f(r±) = 0;
however, r− becomes negative for α > 0, so that the single horizon is obtained as
r+ =M +
√
M2 + 2α. (2.6)
Note that the horizon r+ is bounded from below,
r+ ≥ rmin ≡ 2
√
α, (2.7)
from the reality condition of the metric function (2.3). The lower bound of the mass
parameter corresponding to the minimum horizon rmin is given by Mmin =
√
α/2.
3 Thermodynamic quantities
We now calculate thermodynamic quantities in a cavity in order to study the thermody-
namic stability and phase transitions of the quantum corrected black hole described by the
metric by setting b = 0 in Eq. (2.3). First of all, the entropy of the black hole is given by
the thermodynamic first law [28]
S =
A
4
− 4πα ln A
A0
, (3.1)
where A = 4πr2+ is the area of the horizon and A0 reflects the logarithmic ambiguity which
can be chosen as 4ℓ2P for convenience. The area law of the entropy can be recovered by
setting α = 0. Since the horizon radius r+ is bounded from below, so is the area A, and the
entropy remains finite as M goes to the minimum Mmin. The profile of the entropy (3.1)
is presented in Fig. 1.
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Figure 1. The entropy (solid curve) and the local temperature (dot-dashed curve) are plotted for
r = 2. The entropy is monotonically increasing function while the local temperature has a minimum
at M1.
Next, the finite cavity of the isothermal surface is employed to investigate thermody-
namic behaviors so that the present black hole is located at the center of a spherical cavity
of radius r. The corresponding local temperature for the observer on the cavity is written
as [35]
T =
√
M2 + 2α
2π[(M +
√
M2 + 2α)2 − 4α]
√
f(r)
, (3.2)
where it recovers the Hawking temperature for the infinite cavity. The local tempera-
ture (3.2) is plotted in Fig. 1. Note that T diverges when M approaches either Mmin or
Mr. The minimum of the local temperature T1 yields a critical mass of M = M1, where
M1 can be numerically obtained if needed.
Integrating the thermodynamic first law of dE = TdS, one can obtain the local energy,
E = E0 +
∫
TdS
= r
[
1−
(
1− 4α
r2
)√
f(r)
]
− 4α
3r
f3/2(r), (3.3)
where we chose E0 = r to make E = M as r →∞. The energy (3.3) increases monotoni-
cally as M grows, which can be easily seen from the fact that the metric function f(r) is
a monotonically decreasing function. Thus, the behavior of the energy (3.3) looks more or
less similar to the classical black hole case of E = r− r
√
1− 2M/r for the large black hole;
however, the quantum effects becomes significant for the small black hole. For instance, for
the extreme case of M →Mmin, the energy becomes Emin = r −
√
f [r − (4α/r)(1 − f/3)]
which is still positive since the metric function is in the range of 0 < f < 1 outside the
horizon r > r+.
– 4 –
Now, one might wonder how to derive the thermodynamic energy (3.3) from the funda-
mental relation and eventually verify the thermodynamic first law. One of the best way to
get thermodynamic quantities is to use Euclidean action formalism [4, 36, 37] or the Hamil-
tonian formulation [5]; however, this is not the case since we are not well aware of the action
and the Hamiltonian as seen from the complication of Eq. (2.2). Instead, we would like
to derive the thermodynamic first law directly from the staring equation of motion (2.1).
The relevant tensor component for the static spherically symmetric solution (2.3) is only
radial part,
Grr − 8π < T rr >= 0, (3.4)
where the Einstein tensor and the anomaly term can be written as
Grr(r) = −
1
r2
(1− f − rf ′), (3.5)
< T rr > =
α
4πr4
(1− f)(1− f + 2rf ′), (3.6)
respectively. The prime means the derivative with respect to the radial coordinate. Con-
sidering this equation at the event horizon defined by r = r+ in Eq. (2.6), one can obtain
equation of motion defined at the horizon. Next, we multiply (3.4) by (−r2+dr+/2) based
on the method to relate thermodynamic relations with the Einstein equation of motion [38],
which gives
d(
r+
2
− α
r+
)− f
′(r+)
4π
d(
A
4
− 4πα ln A
4
+ S0) = 0, (3.7)
where A = 4πr2+. Note that there are α-correction at each term due to the anomaly. From
Eq. (2.6), we can express M in terms of the horizon as M = r+/2 − α/r+, then Eq. (3.7)
becomes
dM − THdS = 0 (3.8)
as long as we identify the Hawking temperature TH = f
′(r+)/4π which is just the surface
gravity along with an appropriate normalization factor. Thus, it is natural to identify the
entropy with S = A/4 − 4πα lnA/4 + S0 which is the same with Eq. (3.1) for S0 = 0.
Moreover, it is obvious that the thermodynamic energy is the ADM mass M , which can
be also read from the asymptotic solution (2.4). This thermodynamic first law can be
embedded into thermodynamics with the cavity in order to obtain the thermodynamic
local energy Eloc. It can be realized by considering the red-shift factor due to the cavity
effect, that is,
1√
f(r)
dM − TH√
f(r)
dS = 0. (3.9)
Let us define dEloc ≡ 1√
f(r)
dM , and then we can get
dEloc = TdS. (3.10)
By integrating the local energy with respect to M , it can be shown that the present local
thermodynamic energy Eloc is equivalent to the previous thermodynamic energy (3.3):
Eloc ≡ E.
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Figure 2. The heat capacity (solid curve) is plotted for r = 2, which is is similar to the classical
Schwarzschild black hole (dashed curve). The specific heat is zero at Mmin.
Finally, for the thermodynamic stability of the black hole, one can simply calculate
the heat capacity as
CV =
(
∂E
∂T
)
r
=
2πγδ
(
r2+ − 4α
)2
f
(γ2/r + δMf)
(
r2+ − 4α
)− 2γδr2+f , (3.11)
where γ =
√
M2 + 2α and δ =
√
1− 16αM/r3. The heat capacity is divergent at the
critical mass M1. The profile of the heat capacity is presented in Fig. 2, which is similar
to the conventional one except the behavior at Mmin.
Actually, it was argued that there is a single large black hole in an asymptotically
flat black hole space-time [26]. By the way, it has been claimed that a cavity in such a
space-time can play a similar role to the negative vacuum energy of AdS, so that there also
exist two branches in our case: one is the small black hole and the other is the large black
hole. Moreover, there is an advantage to introduce the finite cavity in the asymptotically
flat black hole. The divergent density of states is compensated with the weight defined
in the cavity, so that the partition function is well-defined [24]. As seen from Fig. 2, the
large black hole appears in the region of the positive heat capacity, while the small black
hole appears in the negative heat capacity. It means that the essential thermodynamic
behaviors of the asymptotically flat black hole observed at the fixed radial distance would
be the same with those of the AdS black hole.
4 Free energy and phase transition
Let us define the on-shell free energy of the black hole in order to study the phase transition.
Using Eqs. (3.1), (3.2) and (3.3), the free energy of the black hole is easily obtained as
F = E − TS, where its behavior is presented in Fig. 3. The free energy of the hot flat
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T1 Tc
T
F1
F
M<M1
M>M1
(a) Schwarzschild black hole
T1 TcH1L TcH2L
T
F1
F
M<M1
M>M1
(b) Quantum black hole
Figure 3. The on-shell free energies for the unstable small black hole of M < M1 (upper curve)
and the stable large black hole of M > M1 (lower curve) are shown for r = 2. For the case of (a),
the on-shell free energy for the small black hole remains positive for the Schwarzschild black hole
(α = 0), while it crosses the horizontal axis at T
(2)
c for the case of (b). The dashed line on the
horizontal axis represents the free energy of the hot flat space-time.
space is Fflat = 0 since the vacuum state is Minkowski space-time. Note that we have fixed
b = 0 to study the phase transition between the black hole and the flat space. Actually,
both metrics satisfy the same asymptotic geometries.
As seen from Fig. 3(a) for the ordinary Schwarzschild black hole, the small and the
large black holes are degenerate at T1 corresponding to the critical mass M1. These two
states are higher than the free energy of the hot flat space for T1 < T < Tc, where Tc is the
first critical temperature. For T > Tc, the free energy of the unstable small black hole of
M < M1 is higher than that of the hot flat space whereas the free energy of the stable large
black hole ofM > M1 is less than the free energy of the hot flat space. Consequently, at the
temperature T > Tc the radiation can collapse to the large black hole through the phase
transition and the small black hole can decay into the large black hole thermodynamically.
Now, as for the case of Fig. 3(b), the non-vanishing α yields the second phase transition
at T
(2)
c along with the ordinary phase transition at T
(1)
c . Thus, if T > T
(2)
c , the radiation
can collapse not only into the large black hole but also into the small black hole which
is impossible in the classical thermodynamics of the Schwarzschild black hole. However,
the small black hole is unstable as seen from the behavior of the heat capacity, so that it
should eventually decay into the large black hole because the free energy of the large black
hole is still lower than the free energy of the small black hole.
As for the classical limit, the solution (2.3) becomes Schwarzschild solution for the
limit of vanishing α, since we set b = 0 in our analysis. Next, it can be easily seen that
the entropy (3.1) and the temperature (3.2) recover those of Schwarzschild black hole for
this limit: the entropy becomes nothing but the well-known area law and the temperature
becomes 1/[8πM
√
f(r)] which is the local temperature of the Schwarzschild black hole.
Also, the energy (3.3) becomes r − r√f(r) which is the local energy of the Schwarzschild
black hole. Finally, it follows that the free energy F = E − TS should become the free
energy of the Schwarzschild black hole. One can see from Fig. 3 that the quantum case (b)
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becomes the case of (a) for the Schwarzschild black hole as T
(2)
c goes to infinity, which
occurs when α tends to zero.
5 Discussion
We have studied the thermodynamic quantities and the phase transitions of the spherically
symmetric black hole by taking into account the back reaction of the Schwarzschild black
hole in terms of the conformal anomaly of matter fields. So it has been shown that there can
exist an additional phase transition from the hot flat space to the small black hole at the
second critical temperature, which is compared to the ordinary Schwarzschild black hole
where the HP phase transition appears only for the large black hole since the free energy of
the hot flat space is higher than the free energy of the large black hole just in that region.
Of course, the small black hole eventually decays into the large stable black hole because
this small black hole is unstable. In fact, the non-triviality of quantum effect comes from
the α-dependent logarithmic correction (3.1) whose form is not unique in that it generates
the constant entropy contribution of S0 = 4πα lnA0, where we have chosen A0 = 4ℓ
2
P .
Actually, it has something to do with the third law of the black hole thermodynamics;
however, it has not been well appreciated yet [39].
One can study the off-shell free energy from the on-shell free energy of the ordinary
Schwarzschild black hole in Fig. 3(a). It shows that the off-shell free energy can be con-
sistently defined along the mass of the black hole since the sequence of stable (F = 0 with
M = 0), unstable (F > 0 with M < M1), and stable (F > 0 or F < 0 with M > M1)
states alternatively appear. Moreover, the free energy of the small black hole is positive
and higher than that of the large black hole. There exists a single unstable state between
the hot flat space and the large black hole state, so that the off-shell free energy is every-
where smooth. On the other hand, at a temperature T > T
(2)
c on the quantized black hole
from Fig. 3(b), all free energy is negative. What it means is that if we want to connect the
free energy of the hot flat space (F = 0 with M = 0) with the free energy of the unstable
small black hole (F < 0 with M < M1) smoothly in the region of the negative free energy,
we should require a locally stable state where its free energy is also negative. Then, we
can expect it may be a remnant whose mass is Mmin; however, it is somewhat awkward
because it is half unstable around Mmin as shown in Fig. 2. This intriguing problem could
not be addressed in this work because it is non-trivial task to realize the off-shell free energy
without the explicit action.
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